The properties of materials largely reflect the degree and character of the localization of the molecules comprising them so that the study and characterization of particle localization has central significance in both fundamental science and material design. Soft materials are often comprised of deformable molecules and many of their unique properties derive from the distinct nature of particle localization. We study localization in a model material composed of soft particles, hard nanoparticles with grafted layers of polymers, where the molecular characteristics of the grafted layers allow us to "tune" the softness of their interactions. Soft particles are particular interesting because spatial localization can occur such that density fluctuations on large length scales are suppressed, while the material is disordered at intermediate length scales; such materials are called "disordered hyperuniform". We use molecular dynamics simulation to study a liquid composed of polymergrafted nanoparticles (GNP), which exhibit a reversible selfassembly into dynamic polymeric GNP structures below a temperature threshold, suggesting a liquid-gel transition. We calculate a number of spatial and temporal correlations and we find a significant suppression of density fluctuations upon cooling at large length scales, making these materials promising for the practical fabrication of "hyperuniform" materials.
Introduction
Localization in many-particle systems is a problem of fundamental and practical importance in physical and biological sciences. For example, the transitions between gaseous, liquid, and solid states of matter are characterized by increasing particle localization. This progressive localization may be quantified by the spatial correlations, such as the pair correlation function g (r) and its Fourier transform, the static structure factor, S(q) (we define and illustrate these properties below) [1, 2] . In particular, the emergence of the liquid state, and the many collective dynamical and thermodynamic effects associated with this transition, is signaled by an increase in probability of particles to be in the first shell of the "coordination sphere" of any reference particle [3, 4] . By increasing density further, the probability of having a neighboring particle increases progressively and at some point the particles become locally "jammed" due to the formation of a "cage" by their neighbors, signaling a transition towards crystallization [5] or glass-formation if crystallization states are thermodynamically or kinetically inaccessible [6, 7] . Particle localization in liquids having hard core, e.g., hard spheres, is well understood and there is an extensive literature devoted to hard particle fluids [8, 9] , but new questions can be asked once the molecular complexity increases and the particle interactions become "softer" [10] [11] [12] [13] . Soft particles tend to fluctuate in shape and deform when coming into strong contact, and correspondingly associate with each other to form dynamic clusters. This phenomenon has attracted considerable attention lately, as it suggests new approaches in material design to enhance the mechanical and optical properties of materials.
Torquato and co-workers [14] [15] [16] have emphasized the significance of materials that are disordered at intermediate length scales, as expected from a liquid-like ordering, while exhibiting suppressed density fluctuations on large length scales. Such materials have been called "disordered hyperuniform". In the present study, we will constrain our attention to hyperuniform materials at equilibrium, although such materials also encompass non-equilibrium materials generally. Arguably, equilibrium materials are of particular interest because of the stability of their properties over time, i.e., the absence of physical aging. It has been suggested [17, 18] that such materials would have the ability to transmit light with the efficiency of a crystal, while still retaining the deformability of a liquid. Nature already takes advantage of hyperuniform materials. For example, the patterns of the different cell types at the chicken photoreceptor have been been established to be hyperuniform [19] . The deformability of cells and normally strong cohesive interactions mean that this property should also arise in many other types of tissue and cell aggregates.
While there is much interest in creating synthetic hyperuniform materials [17, 20, 21] , it is currently unclear what molecular characteristics give rise to such materials. Hard particles normally do not pack as efficiently as soft particles, an effect having many physical implications. For example, the maximum fraction of a material composed of hard spheres in three dimensions exhibiting a disordered configuration is around φ m = 0.64 [22] , while liquids composed of soft particles, such as emulsified droplets, star polymers, micelles etc., deform through cohesive interactions that overcome surface tension effects and/or applied stresses, leading to volume fractions larger than φ m [12] . Increasing the concentration of soft particles sufficiently can lead to the emergence of an "amorphous" solid state having a uniform and high volume fraction of dispersed particles [23] . We shall see below that a promising approach to creating hyperuniform materials in a practical and highly tunable way is to use materials composed of polymergrafted nanoparticles (GNPs) under solvent-free conditions. The tunable "softness" of these particles is the origin of the unique physical properties of these materials.
Hsiu-Yu and Koch [24, 25] first argued that GNP materials in the absence of solvent should have small long-wavelength density fluctuations, and this effect has already been confirmed by experiments [25] and molecular dynamics simulations [26] (for an overview of these materials see the following reviews [27, 28] ). If these density fluctuations are sufficiently suppressed, then a hyperuniform material can be expected. An additional feature of materials composed of GNPs is that the variation of the molecular characteristics (e.g., the length and the number of grafted chains) affect the degree of "softness" of the intermolecular interactions between GNPs and by extension significantly influence the material's properties. GNP materials are currently being explored for the development of improved lithium-ion and lithium metal batteries [29, 30] , carbon capture [31, 32] , and water filtration [33, 34] .
In light of these observations, we focus on investigating the structural and dynamical behavior of a material composed of GNPs in the absence of solvent exhibiting nanoparticle association below a temperature threshold. In particular, we calculate structural properties, namely the nanoparticle radial distribution function and the static and dynamic structure factors, over a wide range of temperatures at fixed pressure to better understand the structural and dynamical changes that arise in these liquids as they transform through GNP clustering from a simple liquid to a gel upon cooling. The emergence of long range correlations in the gel state is accompanied by a suppression of density fluctuations as in crystals and glass-forming materials. In particular, we find that this rheological transition to a gel-like state is accompanied by the emergence of an effectively hyperuniform state under a wide range of conditions. We also examined the temporal effects of GNP localization by calculating the velocity autocorrelation function and the structural relaxation times from the collective and selfintermediate scattering functions.
This paper is organized as follows. Section 2 contains details of the coarse-grained model and simulation methods. The structural and dynamical characterization of the GNP materials and their particle localization with temperature variation are presented in Section 3. In Section 4, we conclude.
Model and methodology
A polymer-grafted nanoparticle is represented as a spherical core particle with f attached chains and each chain is composed of M segments. We specialize our discussion to nanoparticles having f = 8 grafted polymer chains, where each one has M = 10 segments. The first segment of each chain is rigidly attached to the nanoparticle surface. Interactions between polymer segments are described by the cut-and-shifted Lennard-Jones (LJ) potential:
where v is the value of the (unshifted) Lennard-Jones potential at r = r cut . The energy and length reduced units are ε and σ and the cut-off distance r cut = 2.5σ . The segments along a chain are connected with their neighbors via a stiff harmonic spring, V H (r) = k(r − l 0 ) 2 , where l 0 = σ is the equilibrium length of the spring, and k = 5000ε/σ 2 is the spring constant. The core-core and core-segment interactions are modeled as purely repulsive Weeks-Chandler-Andersen potential [35] with modification taking into account the difference in the particle sizes [36] :
where r m = 2 1/6 σ + ij . The indexes i and j = n or b with n and b representing the nanoparticle core and polymer segment, respectively. The energy and interaction range parameters are chosen to be the same for interactions between nanoparticle-nanoparticle, nanoparticle-segment, and segment-segment such that ε nn = ε nb = ε bb = ε and σ nn = σ nb = σ bb = σ . We investigate nanoparticles having a nanoparticle core size D/σ = 3 and the shift distance was set to nn = D − σ for the nanoparticle-nanoparticle interactions, and nb = (D − σ/2) for the nanoparticle-segment interactions. The mass of a particle scales linearly with volume, so that m b and m n = D 3 m b for the mass of the polymer bead and core, respectively. Typical conformational structures of GNPs are are presented in Fig. 1 .
Simulations were performed in a cubic box with length L and volume V ; periodic boundary conditions were applied in all three directions. The system consists of N s = 400 nanoparticles. To probe spatial correlations at larger length scales, additional simulations were performed where the system consists N s = 8000 nanoparticles (corresponding to 648000 interaction centers). We utilize the large-scale atomic/molecular massively parallel simulator (LAMMPS) developed at Sandia National Laboratories [37] . Simulations were performed in the NV T ensemble after equilibration in the NPT ensemble at the desired temperature and pressure, P. Time averaging was conducted for O (10 8 ) time steps after equilibration. The time step was set to δt = 0.005τ , where τ = σ (m b /ε) 1/2 is the unit of time. Temperature and pressure are measured in units of ε/k B and σ 3 /ε, respectively. k B is Boltzmann's constant. All simulations were performed at P = 0 in reduced units, which approximately corresponds to atmospheric pressure.
For a rough estimate of how reduced units map to real systems, we offer the following approach for the polymer segments. Assuming that a single polymer segment represents an ethoxy repeat unit (−CH 2 OCH 2 −), then we determine the thermodynamic properties for this unit. Since the ethoxy repeat unit does not exist as a free molecule, the group contribution method of Constantinou and Gani [38] 
Results & discussion
The GNP molecular architecture has a large number of molecular parameters, resulting in a wide spectrum of potential material properties. This is true even when GNPs are in the absence of a solvent, where the total number of molecular parameters are reduced since the parameters related to the solvent and solvate interactions do not exist. On the one hand, a large number of molecular parameters is an attractive feature because it allows one to have multiple design strategies for tuning the macroscopic properties of the material for a specific application. On the other hand, "taming" this complexity requires a predictive understanding of the structure-property relation for this type of materials in order to engineer the properties of these materials rationally.
General phenomenology
In the limit of purely repulsive nanoparticle-nano particle interactions, structural behavior diagrams have been constructed in previous studies [40, 41] , which are essential to define the thermodynamic and structural state of the material. 
, is presented. There are three main regimes in this morphology diagram, namely the star-liquid, a gelforming liquid (G-1), and a glass regime. We next briefly define each regime. In the glass regime, the segmental motion significantly slows down and freezes as expected from a typical glass-forming liquid; the glass transition temperature (T g ) represents the temperature where the glassy behavior emerges. A star-liquid is a liquid that maintains its local liquid-like structure for all temperatures up to the vaporization temperature [40] . A characteristic example is star polymers, which is a limiting case of GNPs where D in a star polymer is negligible in comparison to the size of the grafted chains (see the points for D/σ = 1 at Fig. 1a) . A G-1 material exhibits the same structural features as a star-liquid, but below a temperature threshold (T g < T < T a ) exhibits a reversible selfassembly of dynamic polymeric nanoparticle structures. We have described this crossover from liquid to gel transition in a previous study [41] as an "equilibrium polymerization process"; we note the temperature at which half the nanoparticles in the system belong to a cluster as T 1/2 .
In the "tuning" of the effective interactions between GNPs, there is a large parameter space to explore. The characteristic temperature, i.e., T 1/2 , decreases rapidly as D becomes smaller [41] . A similar effect is anticipated with increasing f , since a more dense and uniform polymer layer "shields" the nanoparticle from aggregation. More recently, the same outcome can be achieved Figure 2 Nanoparticle radial distribution function, g (r), at different temperatures for nanoparticles having size D/σ = 3. The arrows point to the structural signature of the nanoparticle association.
in a nanoparticle melt without grafted chains if the the polymer-nanoparticles interaction is made highly attractive to create a thick brush-like layer around the nanoparticles [42] . Non-trivial examples include, but not limited to, the degree of polydispersity of the grafted chains which was an effect shown in GNPs dispersed in polymer melts [43, 44] , the fluctuations of the polymeric layer [45] , and the grafting density uniformity [46] . Below we focus on a single set of molecular parameters of a G-1 material (D/σ = 3) and to better understand the structure-property relations that arise in these materials.
Radial distribution function
We investigate the changes in the structure at length scales of the order of the size of the nanoparticle. To this end, we examine the height of the first two peaks in radial distribution function between nanoparticles [2] ,
where ρ is the total density and ρ(r) is the local density as function of distance, r. Typical g (r) curves at different temperatures are presented in Fig. 2 . Unlike an ordinary simple liquid, where the first peak increases in height with density, we observe the emergence of structural ordering below a temperature threshold; this is an indication of nanoparticle association and the formation Figure 3 First (top) and the second (bottom) radial distribution peaks between nanoparticle cores as function of temperature. Characteristic temperatures are also presented, i.e., structural signatures of nanoparticle association occur below T a ; T 1/2 is the temperature at which half the GNPs belong to nanoparticle clusters [41] .
of dynamic clusters. This is counter-intuitive given that the nanoparticle-nanoparticle interactions are purely repulsive and the GNPs are isotropic in shape, suggesting that this nanoparticle association is entropic in nature.
To better understand this behavior, we make a distinction between the first and second peak in g (r) in the following way. The first peak in g (r) describes the local structure when the nanoparticles associate with each other at lower temperatures. This association takes place at length scales r/σ < 4, however, for T 1.6 the first peak in g (r) is absent and only the second peak is observed. The second peak describes the extent of localization of nearest-neighbor nanoparticles corresponding to length scales, r/σ > 5. In the non-associating regime, the second peak describes the nanoparticles interacting with each other via their polymeric coronas.
Based on these definitions, we track the height of each peak in Fig. 3 . As discussed above, the height of the first peak, g 1 , is absent at T 1.6, indicating that GNPs behave as an isotropic liquid. As T is decreased, the height of the second peak, g 2 , decreases. This is again contrary to simple liquid behavior, but this is a typical behavior for branched molecules because the polymeric corona significantly changes in size and shape as T is varied, thus allowing a deeper interpenetration between the nanoparticles' coronas [26] . Indeed, below T 1.6 the GNPs have interpenetrated sufficiently enough that they start to associate and form dynamic linear and branched nanoparticle clusters [41] . As expected, this association becomes stronger as T decreases further as it is reflected in the increase of g 1 . On the other hand, g 2 behavior is more complex. For temperatures above T a , g 2 decreases as the material cools down, which again is not typical behavior of a simple liquid. This unique behavior is attributed to the localization of the nanoparticle within its own corona, i.e., by increasing T the grafted chains stretch outwards thus reducing the distance between the nanoparticle and the center of mass of its tethered chains [26] . Once the GNPs start to associate (T 1.6), g 2 starts to increase as the material cools down, due to the formation of chain-like clusters composed of more than two GNPs. In other words, the second peak starts to describe the structure of the GNPs in clusters and this effect is also reflected in the shift of the location of the second peak to r/σ ≈ 7, which is roughly twice the scale defined by the first peak. For T < T 1/2 , there are many branched nanoparticle clusters, which disrupts the ordering of the linear nanoparticle clusters the degree to which this process has developed is quantified by the reduction of g 2 .
Crystallization is preempted and a gel state emerges as illustrated in Fig. 3. 
Static structure factor
It is also important to understand the structural nature of GNPs fluids at larger length scales. The static structure factor, S(q), is a suitable property for this purpose and describes the mean correlations in the positions of the particles; it is complementary to g (r). For a collection of point particles, S(q) is defined as:
where i = √ −1, q = |q| is the wave number, r j is the position of particle j, denote the time average. The static structure factor S(q) exhibits mild variations upon cooling in simple liquids [2] . Similar mild variations are observed in GNPs in solvent-free conditions, when the grafting density is sufficiently high that the corona shields the nanoparticle from aggregation [24, 26] . For G-1 type solvent-free GNPs a more complex behavior emerges, which is complementary to the structural behaviors observed in g (r). In particular, the liquid-like ordering in S(q) observed T = 2 nearly disappears at T = 1.5 and at lower temperatures (T < 1. hanced particle localization emerges due to the formation of nanoparticle clusters; see Fig. 4 . This increase in the long range correlations in S(q) for T > 1.5 seems superficially similar to "thermal jamming" of GNPs [40, [47] [48] [49] , where increased particle localization occurs with increasing T and causes particle jamming. However, in the present system, this structural behavior results in a speeding up rather than slowing down the structural relaxation so that this is not equivalent to thermal jamming.
There are two basic measurable properties that can provide quantification of the degree of particle localization at local and global scales. The first quantity is the height S p of the first peak of S(q), which is often utilized as a rough criterion for "freezing", the Hansen-Verlet freezing rule [3] ; according to this rule "freezing" occurs when S p is about 2.85 in three dimensions. In physical terms, the particles begin to become "jammed" into their local environment, leading to a tendency towards particle localization and this criterion is helpful in roughly locating the freezing and melting lines for a given system without any free-energy calculations. However, this localization is transient in equilibrium liquids. S(q) for materials in equilibrium in the limit q → 0 is related to the isothermal compressibility and provides a measure of particle localization [2] 
where the definition of the isothermal compressibility is:
To probe the smallest wavevectors (2π/L) in order to understand the S(q) as q → 0 and to be fairly confident in our extrapolation to get S(0), we use a much larger simulation system (8000 GNPs instead of 400). In typical simple glass-forming liquids, S(q) reaches a non-zero plateau as q → 0, allowing for a reliable extrapolation. While this behavior of S(q) was observed in our system for T = 1.5 and 2.0, it is was not observed at lower T . Instead, we find that S(q) scales with an exponential relation and no evidence was found for a plateau, see at the inset of Fig. 4 . Presumably, smaller wavevectors are needed to observe this effect, but this requires substantially more computational resources than we have available to us.
Hyperuniformity
Torquato and co-workers [14] [15] [16] 50] have defined h, the ratio of S(0) to the peak height S p be a measure of fluid "hyperuniformity", i.e., h = S(0)/S p . This ratio provides a quantitative measure of the extent to which density fluctuations are suppressed at large length scales, i.e., the extent of global "jamming" [50, 51] . Note, the distinction between the Hansen-Verlet freezing rule [3] , describing a locally jammed system, and a hyperuniform material that is globally jammed. In an ideal hyperuniform material, h = 0, but a material is "effectively hyperuniform" when h is on the order of 10 −3 to 10 −4 [52] . From the calculated S(q), we extrapolated the S(q) values to the limit q → 0 for four different T . The calculated h values are presented in Fig. 5 . Evidently, these values of h are well within the range of effective hyperuniformity, particularly at lower T values. Since the density fluctuations are reduced as the material equilibrates at lower temperatures, we wondered what would be the degree of hyperuniformity near T g , assuming that T g is similar to that of a star polymer with 8-arms [53] . We do not expect h to decrease below T g since in this temperature range the system is mostly frozen. Thus, the hyperuniform parameter obtains the minimum value, h min ≈ 2 × 10 −4 at T g .
The degree of hyperuniformity that we find in a GNP liquid is an order of magnitude smaller, compared to a simple glass-forming polymer melt [54] , which itself is effectively hyperuniform. Evidently, the spatial distribution of the nanoparticles and their density fluctuations, are greatly suppressed, making solvent-free GNPs ideal candidates for hyperuniform materials. Equally important to note is the potential ability to tune h via the variation of molecular parameters. Future work will focus on better understanding how the variation of the molecular parameters (e.g., number of grafted chains, nanoparticle size, length of the grafted chains, etc.) influence h, so that the optimum hyperuniform material can identified.
Velocity-autocorrelation function
At this point, we shift our focus from the structural to dynamical properties. In particular, we focus on the nanoparticle velocity autocorrelation function (VACF),
with v i (t) being the velocity of particle i at time t. The VACF is often used to obtain the particle self-diffusion coefficient (i.e., the rate of increase of the average square particle displacement),
A particle system in vapor state has its VACF decaying exponentially to zero, i.e., e −t/λ with λ dictating the rate of decay, as excepted from kinetic theory and the uncorrelated nature of the collisions of particles in the gas state. However, in condensed liquids, where particles are obviously more localized than in the vapor state, the VACF exhibits a more complex behavior, i.e., there is now a negative minimum which is followed by a long time power-law decay, C(t) ∼ t −3/2 [55] . This minimum reflects the back-scattering arising from the collisions between a particle and its neighbors leading to a reversal of the particle velocity [2, 56] . The back-scattering effects have a large impact on the mobility of the particle at long timescales, reflecting a collective dynamical effect, where the momentum is stored in a vortex flow pattern [57, 58] . There are then long-range interactions deriving from correlated molecular collisions in the condensed state. The VACF is also important for probing the character of particle localization in dense gases in their supercritical fluid regime. In particular, the Frenkel line [59, 60] defines a structural and dynamical transition between distinct two fluid states; a "weakly interacting fluid" where C(t) decays monotonically to zero, and a "strongly interacting fluid" where C(t) starts to oscillate due to the backscattering effect discussed above. This line of transitions in the supercritical fluid regime is extremely useful in applications [61, 62] because the supercritical fluid near its Frenkel line exhibits the high solvating power of a fluid while at the same time has a high mobility characteristic of dilute gases. We also see a transition in our GNP materials, where the GNP liquid transforms from a simple liquid, where the molecules exhibit Brownian motion to a gel-like liquid where the clustering of the GNPs is dynamic and large scale density fluctuations are suppressed. As discussed below, this transition is observed on time scales that are much longer than the oscillation times found in the VACF.
We confirm this expected behavior by calculating the nanoparticle VACF, see Fig. 6 , where we find that the nanoparticles exhibit a back-scattering behavior for all temperatures investigated. This is not surprising given that the nanoparticles are surrounded by their grafted chains and the neighboring GNPs, which have significant influence on the nanoparticle mobility. Nevertheless, some interesting trends can be deduced by assuming that a GNP effectively operates as a single particle. A temperature decrease leads to a faster VACF decay, reflecting a decrease in the cage size and the increased frequency of particle-particle collisions. Additionally, we observe a narrower negative minimum, meaning that the back-scattering effects damped out more quickly as T decreases. Interestingly, the depth of the minimum for all T is nearly the same, except for T = 0.75, where the depth increases. For T < T a , most GNPs are in a cluster and thus a significant number of collisions are now between nanoparticles and so the backflow effect is more intense due to hard-core interactions. respectively. In other words, as T decreases, the nanoparticle mobility at shorter times scales increases with respect to the mobility at longer time scales, suggesting that the nanoparticles are starting to become localized at a global scale while maintaining a fair degree of local mobility.
Decay of density correlations
While the results from the VACF illuminate the dynamics at short times scales, they do not capture the full picture of the material dynamics. An alternative approach to probe the nanoparticle dynamics through the considerations of density fluctuations and the dynamical extension of the static structure factor, from which the structural relaxation time τ α can be obtained. There is a large literature focusing on τ α in the study of glassforming liquids [6, 51, 64 , 65] and we will contrast our results with such systems below. Our analysis begins with a consideration of how the association of nanoparticles having only repulsive nanoparticle-nanoparticle interactions influence the nanoparticle dynamics. To this end, we first calculate the self-intermediate scattering function:
where i = √ −1, the modulus q = |q| of the reciprocal vector q, and r j (t) is the position of particle j at the time t. Typically the wave number is chosen at the first peak of the structure factor; for a simple liquid is about qσ ≈ 7. However, the structure of the liquid changes as the material cools down, and as we discussed above, a new first peak appears in S(q) describing the characteristic distance between the clusters rather than the distance between nanoparticles. To ensure that the dynamics are calculated at the same length scales, we choose q = 2π/D, unless stated otherwise. The structural relaxation time τ α is defined as F (q, t = τ α ) = 1/e, where e is the Euler's constant.
For ideal Brownian particle fluids, the self-inter mediate scattering function F s (q, t) obeys a simple Gaussian function,
where r 2 (t) is the mean-square displacement
We computed r 2 (t) (inset of Fig. 7 ) and compared with the Gaussian approximation of F s (q, t) via Eqs. 8 and 9. Overall, we find that over a wide range of time scales, and different temperatures the motion of the nanoparticle can be described by a Gaussian function, Fig. 7 . Despite this apparent agreement, however, we note that deviations start to emerge at lower temperatures (T < T 1/2 ) and in particular these deviations become apparent at long time scales and length scales, suggesting that the GNP materials exhibit heterogeneous dynamics.
The non-Brownian displacement can also be probed at a fixed T by comparing the decay rate of the density fluctuations at different length scales. This can be done by normalizing t with τ α resulting in F s (q, t/τ α = 1) = 1/e and examine the shape these curves with q-variation, as seen in Fig. 8 . Evidently, the dependence of F s (q, t) on t/τ α changes for different q-values, suggesting that there are appreciable deviations of GNP motion from Brownian particles. We note that r 2 scales as a power law r 2 ∝ t 2ν , where the exponent ν is greater than 1/2 at long time scales. This means that the GNPs are exhibiting anomalous diffusion, despite the nearly Gaussian self van Hove function. To better understand this anomalous diffusion phenomenon in the GNP melts, which are presumably materials at equilibrium, we consider the following phenomenological functional form
, where β is a variable [66, 67] . Typical glassforming liquids have β < 1, but we find that β in our gel materials increases from approximately 0.5 for large values of q to β > 1 for small q-values. β > 1 ("stretched Gaussian" or compressed exponential relaxation) implying that density fluctuations relax faster than a simple exponential. This corresponds to the nanoparticle displacements that are more persistent than ordinary diffusion, i.e., superdiffusion. This is probably a transient phenomenon, however, and we expect the particle displacement to become diffusive for after long times that are beyond our current simulation methods. Evidently, nanoparticle motion is highly non-Fickian over appreciable time scales. While subdiffusion is often observed under conditions close to a transition to particle localization, superdiffusion, defined by r 2 scaling as power of t greater than 1, has also been observed in glass-forming liquids near their glass transition [68] and in driven granular fluids near their non-equilibrium "jamming" [69] so that this type of superdiffusive transport has precedent. As noted in Ref. 68 , this type of transport occurs in systems exhibiting potential fluctuations in space and time. Moreover, particle displacement that is both Gaussian, but superdiffive, with a variable ν is observed for test particles on the surface of a fluid near its Faraday instability [70] . The highly correlated motions in the gel-like GNP material apparently causes the particles to exhibit superdiffusive of motion, where the dynamics involves an admixture of correlated and chaotic motion. This focused motion is apparently most developed just before full particle localization occurs. We note that for our model of GNP star liquids, where nanoparticle association does not occur upon cooling, either subdiffusive and diffusive behaviors have been observed [26] , suggesting that the superdiffusive behavior is related with GNP association into large scale branched polymer structures. This mechanism for the occurrence of anomalous diffusion is probably rather general and deserves further study.
In the last decade, the compressed exponential or stretched Gaussian (a glass of water is either half full or half empty depending on how you look at it) relaxation is found on a number distinct soft matter materials, ranging from progressive cross-linking of actin filaments [71] , diblock copolymers [72] , solvent-free GNPs [48] , laponite suspensions [73] , and GNPs dispersed in polymer melts [74] as well as beyond soft matter, e.g., metallic glasses [75] and colloidal polycrystals [76] . These systems also exhibit an unusual qdependence in the relaxation time when q is varied, q −1 . It has been argued that these systems are effectively "elastic solids", where the distribution of local displacements induce a strain that propagates into the system [77] . In our model system, superdiffusive behavior is observed when the majority of nanoparticles belong to a cluster, i.e., T < T 1/2 . The τ α dependence with q at T = 0.75 < T 1/2 is presented in the inset of Fig. 8 and it indicates that there is a smooth crossover from a nanoparticle being highly localized (τ α ∝ q −5.1 ) -strictly speaking, an exponent 3 defines particle localization to a compact region and larger magnitude effective exponents define the degree of localization -at small length scales towards a superdiffusive, even ballistic-like particle motion where τ α ∝ q −1 . The latter regime is not clearly reached within the wavevector range that can be explored by our simulation, but the behavior that we observe at low q regime is clearly below the diffusive regime defined by the scaling τ α ∝ q −2 .
The particle localization crossover occurs at length scales ranging from the size of two polymer segments (qσ = π) to the size of the nanoparticle and its polymeric corona, approximately qσ = 2π/6 ≈ 1. This means that the mobility of the nanoparticle within its own corona is significantly frustrated [26, 78] . This is consistent with the r 2 for T < 0.85 < T 1/2 , where we observe a sub-diffusive regime ( r 2 ∝ t 1/2 ) until r 2 1/2 ≈ D. At scales larger than D, the nanoparticle trajectories become diffusive, as illustrated in the inset of Fig. 7 . At length scales larger than the size of the nanoparticle and its polymeric corona (approximately 6.5σ ), the GNPs becomes superdiffusive over an appreciable amount of time. In this temperature range (T < 0.75 < T 1/2 ), the majority of the nanoparticles belong to a cluster and the size of these clusters are close to the percolation. In other words, the GNPs form a network of nanoparticle clusters, i.e., a "gel". The emergence of a superdiffusive behavior coincides with the growth of the GNPs clusters, suggesting that the correlated motion of the GNPs derives from the motion of the GNP clusters in which they are embedded.
To quantify the collective dynamics, we define the coherent (or collective) intermediate scattering function of the nanoparticles by, where f c (q, t) is defined by
Note that by definition f c (q, 0) = S(q). For large q-values, both F c and F s decay to zero in a similar way, suggesting that the dynamics are similar throughout the system, Fig. 9 . However, at smaller q-values F c decays more quickly than F s , suggesting that heterogeneous dynamics emerge at larger length scales. Additionally, at small q-values we observe overdamped oscillations and as we decrease q we observe these oscillations to increase in size, since we are approaching the hydrodynamic regime, and so we expect to see collective excitations associated with the propagation of thermally excited sound waves. In a simple liquid, τ α normally exhibits an Arrhenius behavior at sufficiently high T ,
where τ ∞ is the vibrational prefactor and E is the activation energy. The temperature regime that we investigate is within the Arrhenius regime for a melt composed of polymer chains as the chains grafted on the nanoparticles, meaning that the polymers do not exhibit collective/glassy behavior. Even though we operate at sufficiently high temperatures, it is unclear how the nanoparticle association would influence τ α . The results in Fig. 10 show that τ α exhibits two Arrhenius regimes, as noted recently by Starr and Sciortinio for thermally reversible gels formed by DNA-grafted nanoparticles [79] . While both Arrhenius regimes have the approximately the same activation energy, they differ in the size of the prefactor. The prefactor in the regime where the nanoparticles associate with each other and form clusters the prefactor is smaller than in the regime in which the nanoparticle do not associate. In the thermally reversible gel system studied by Starr and Sciortino, the activation energy changes due to the formation of direct binding complexes between the DNA chains of different nanoparticles, thus altering the ethalpic barrier for the nanoparticles to disassociate from each other to allow molecular diffusion of the nanoparticles. In our GNP system, the gelation and barrier height derive from an entropically induced association of the nanoparticles so that the entropy of activation is predominantly altered in the diffusion process of the GNPs. This entropic induced ordering and dynamics is reminiscent of the ordering of hard spheres and rods, which are purely entropically driven processes [5] .
Conclusions
We used molecular dynamics simulation to investigate the spatial and temporal properties of polymer-grafted nanoparticles in the absence of solvent. While at high temperatures the GNPs interact via their polymeric coronas, exhibiting characteristics similar to that of a simple liquid, the GNPs begin to localize below a temperature threshold leading to the formation of linear and branched dynamic GNP structures and the emergence of a gel-like dynamic properties. The absence of a solvent and the formation of these clusters reflect a substantial spatial re-organization, while the GNPs are disordered as in liquids at intermediate length scales. At larger length scales the density fluctuations are small as in crystals, due to the emergence of elasticity in the material as a collective effect. We then have an excellent candidate for hyperuniform materials. Moreover, the localization of nanoparticles into clusters greatly influences the material dynamics. The GNPs are trapped within their own polymeric corona and exhibit frustrated dynamics at short time scales, but GNPs eventually become superdiffusive at longer time scales, indicating that the material is a dynamical heterogeneous viscoelastic solid. In future work, we plan to explore which range of molecular parameters optimizes the observed hyperuniformity (i.e, minimizes h) in the low temperature gel state of the GNP material.
Is also of interest to study the relevance of the localization observed in GNPS to polymer melts having different architectures. Simulations have already shown that unentangled polymer melts can be effectively hyperuniform at low temperatures [51, 54] and we expect this hyperuniformity to grow when the chain length becomes large. As a final point, we note that it is not possible to model materials composed of soft particles by particles having power law potentials. The many internal degrees of freedom of the soft particle are required to observe the effects observed in the present paper. Fluids interaction by power-law type "soft" potentials exhibit a dynamics that is more similar to hard sphere liquids.
